Abstract. In this paper, we prove that the transverse Mabuchi K-energy functional is convex along the weak geodesic in the space of Sasakian metrics. As an application, we obtain the uniqueness of constant scalar curvature Sasakian metrics modulo automorphisms for the transverse holomorphic structure.
Introduction
Let (M, g) be a connected oriented 2m + 1-dimensional Riemannian manifold. If the cone manifold (C(M ),g) = (M × R + , r 2 g + dr 2 ) is Kähler, we say (M, g) is a Sasakian manifold. It is well known that (M, g) is a Sasakian-Einstein manifold if and only if the Kähler cone (C(M ),g) is a Calabi-Yau cone. Sasakian geometry was introduced by Sasaki [21] fifty years ago, and it can be seen as an odd-dimensional counterpart of Kähler geometry. Since Sasakian geometry has been proved to be a rich source for the production of positive Einstein metrics [6, 11] , and the existence of Sasakian-Einstein metrics is of great interest in the physics of the famous Ads/CFT duality conjecture [16, 17, 18, 19] , there has been renewed interest in Sasakian manifolds recently.
The aim of this paper is to study the uniqueness of Sasakian metrics with constant scalar curvature on compact Sasakian manifolds. The uniqueness of SasakianEinstein metrics was proved by Cho, Futaki and Ono ( [9] ) for the toric case, and by Nitta and Sekiya ( [20] ) for the general case. In [14] , Guan and the second author studied the geodesic equation in the space of Sasakian metrics on a compact Sasakian manifold (M, g), and obtained the weak C 2 regularity of such geodesic. Then, they proved that the constant scalar curvature Sasakian metric (cscS metric) is unique in each basic Kähler class if the first basic Chern class is either strictly negative or zero.
In [1] , Berman and Berndtsson proved the convexity of the Mabuchi K-energy along the weak geodesic in the space of Kähler metrics by using Chen's weak C 2 regularity ( [3, 4, 8] ). As an application, they obtained the uniqueness of constant scalar curvature Kähler metric (cscK metric) modulo automorphisms on a compact Kähler manifold in a fixed Kähler class.
A Sasakian manifold (M, g) has one dimensional foliation F ξ associated to the characteristic Reeb vector field ξ, which admits a transverse holomorphic structure. Another Sasakian metric g ′ is compatible with g means that they have the same Reeb vector field, the same transverse holomorphic structure and the same holomorphic structure on the cone C(M ), see section 2 for details. In this paper, by using the weak C 2 regularity in [14] and following the argument of Berman and Berndtsson ( [1] ), we prove the uniqueness of constant scalar curvature Sasakian metrics (cscS) up to the action of the identity component of the automorphism group for the transverse holomorphic structure, which is denoted to be G 0 in Definition 4.2. In fact, we obtain the following theorem. Theorem 1.1. Let (M, g) be a compact Sasakian manifold, (ξ, η 1 , Φ 1 , g 1 ) and (ξ, η 2 , Φ 2 , g 2 ) are two constant scalar curvature Sasakian metrics compatible with g. Then there exists ι in the group G 0 , such that dη 2 = ι
c B ϕ ι . Furthermore, for the two Sasakian structures, we have the following relations
(1.1)
This paper is organized as follow. In Section 2, we will recall some preliminary results about Sasakian geometry, in particular, the weak geodesic established in [14] . In Section 3, we prove the convexity of the transverse Mabuchi K-energy M along the weak geodesic. In Section 4, we give a proof of Theorem 1.1, as an application of the convexity of M.
Preliminary Results in Sasakian Geometry
There are many structures on Sasakian manifold. A Sasakian manifold (M, g) has a contact structure (ξ, η, Φ), and it also has a one-dimensional foliation F ξ , called the Reeb foliation, which has a transverse Kähler structure. Here, the killing vector field ξ is called the characteristic or Reeb vector field, η is called the contact 1-form, and Φ is an (1, 1)-tensor field which defines a complex structure on the contact sub-bundle D = ker η. In the following, a Sasakian manifold will be denoted by (M, ξ, η, Φ, g), and the quadruple (ξ, η, Φ, g) will be called by a Sasakian structure on a manifold M .
Let (M, ξ, η, Φ, g) be a (2n+1)-dimensional Sasakian manifold, and let F ξ be the characteristic foliation generated by ξ. A transverse holomorphic structure on F ξ is given by an open covering {U i } i∈A of M and local submersion of f i : U i → C m with fibers of dimension 1, such that for i, j ∈ A, there is a holomorphic isomorphism θ ij of open sets of C m such that f i = θ ij • f j on U i ∪ U j . Now, we consider the quotient bundle of the foliation F ξ , ν(F ξ ) = T M/Lξ. The metric g gives a bundle isomorphism σ between ν(F ξ ) and the contact sub-bundle D, where σ : 
where Y is a section of D and X p the projection of X onto D. One can check that the transverse Levi-Civita connection is torsion-free and metric compatible. The transverse curvature relating to the above transverse connection will be denoted by R T (V, W )Z, where V, W ∈ T M and Z ∈ D. We define the transverse Ricci curvature by Ric
where e i is the orthonormal basis of D and X, Y ∈ D. Furthermore, ρ T = Ric T (Φ·, ·) is called the transverse Ricci form analog to the Kähler geometry. The transverse scalar curvature S T is defined to be the trace of ρ T with respect to g T . According to standard computation, we have that S T = S + 2n, where S is the scalar curvature of g in the usual sense.
We say a p-form θ is basic, if it satisfies that
It is easy to check that dθ is also basic, if θ is, i.e. the exterior differential preserves basic forms. Let ∧ 
Similarly, we have a splitting of the complexification of the bundle 
, then there is a real-valued basic function ϕ such that
Now we consider the deformation of the Sasakian structures. Let us denote the space of all smooth basic functions ϕ, i.e. ξϕ = 0 on (M, ξ, η, Φ, g) by C ∞ B (M, ξ). And specially
) is contractible, and we will denote it by H for simplicity. For ϕ ∈ H, (ξ, η ϕ , Φ ϕ , g ϕ ) is also a Sasakian structure on M , where
As in [13, 14] , we define a functional I : H → R by (2.1) Then we have H 0 ∼ = K. In [13] , Guan and the second author proved that H 0 is totally geodesic and totally convex in H. And the tangent space of H 0 at ϕ is the set
It is well known that both (ξ, η ϕ , Φ ϕ , g ϕ ) and (ξ, η, Φ, g) have the same transverse holomorphic structure on ν(F ξ ) and the same holomorphic structure on the cone C(M )( [5, 10] ). Obviously, these deformations of Sasakian structure deform the transverse Kähler form in the same basic (1, 1) class. As in [7] , we call this class the basic Kähler class of the Sasakian manifold (M, ξ, η, Φ, g). It should be noted that the contact bundle D may change under such deformations. We define S(ξ,J ) to be the subset of all structures (ξ,η,Φ,g) in S(ξ) such that the diagram
commutes, where S(ξ) denotes all Sasakian structure (ξ,η,Φ,g), such thatξ = ξ. The set S(ξ,J) consists of elements of S(ξ) with the same transverse holomorphic structureJ. For two different Sasakian structure in S(ξ,J ), we have( [5, 7, 22] ):
) and (ξ,η,Φ,g) are two Sasakian structures in S(ξ,J ), then there exist real-valued basic functions ϕ and ψ and integral closed 1-form α, such thatη Definition 2.1. Given any Sasakian manifold (M, ξ, η, Φ, g), we say another Sasakian metric g ′ is compatible with the Sasakian structure of (M, ξ, η, Φ, g), if they have the same Reeb vector field, the same transverse holomorphic structure ν(F ξ ) and the same holomorphic structure on the cone C(M ).
is compatible with (ξ, η, Φ, g), then there must exists a basic function in ϕ ∈ H such that η
In the following, we also say ϕ the transverse Kähler potential of g ′ . Similar to the Kähler case, we know that the averagē
T . Indeed, this equation is an elliptic equation of forth order. As in the Kähler case, the Mabuchi K-energy is a useful tool to consider such metrics. In the Sasakian case, the Mabuchi K-energy is defined in [10] , and we recall it in the following lemma.
Lemma 2.3. Let ϕ 1 and ϕ 2 are two basic functions in H and ϕ t (t ∈ [a, b]) be a path in H connecting ϕ 1 and ϕ 2 . Then
is independent of the path ϕ t , whereφ t = dϕ dt . Furthermore, M satisfies the 1-cocycle condition
In view of (2.4), M : H × H → R factors through H 0 × H 0 . Hence we can define the mapping M : It is easy to see that cscS metric is a critical point of M. In order to consider the uniqueness of such cscS metrics in the space H, we will consider the convexity of the K-energy along the geodesics in H.
In [14] , Guan and the second author studied the geodesic equation in H. Here, we recall some results. The Weil-Peterson metric in the space H is defined as
A nature connection of the metric can be defined to be ψ(·, r) = ϕ 2(r−1) (·) + 4 log r.
is the fundamental form of the Kähler cone, they concluded that the geodesic equation (2.6) is equivalent to the following degenerate Monge-Ampère type equation
In this paper, we give another description of the geodesic equation similar to the Kähler case. And we will reduce it to a degenerate transverse Monge-Ampère type equation on M × D, where D is an annulus in C. We let t = log |τ |, and Ψ(·, τ ) = ϕ t (·), i.e. Ψ is a radial function defined on M × D, where D = {z ∈ C|a ≤ log z ≤ b}. 
where π is the projection from X to M and
Proof. Direct computation implies that
According to the computation of [14] , we know that
Furthermore, we have that
which implies the result required.
The equation (2.6) usually does not admit a smooth solution, i.e. we can not always find smooth geodesic in H. But according to [14] (Theorem 1.), there exists a unique weak C 2 solution Ψ, i.e. we have the following lemma.
Lemma 2.5. For any two functions ϕ a , ϕ b ∈ H, there exists a unique geodesic path Ψ connecting them, such that Ψ| M×a = ϕ a , and Ψ| M×b = ϕ b . In particular,
where C is a constant depending only on (ξ, η, Φ, g), ||ϕ a || C 2,1 and ||ϕ b || C 2,1 . Furthermore, Ψ(·, t) is basic and π
Remark 2.1. Indeed, we use the fact that the C 1 -norm and △Ψ can be controlled by the function ψ(·, r) in [14] , since r is away from 0.
Convexity of K-energy along weak geodesic
Since our original definition of the Mabuchi K-energy depends on the forth order derivative, we want to rewrite an explicit formula for it, which has an "energy part" and "entropy part" as in the Kähler case(see [1] for the Kähler case). We begin with some notations. Given ϕ ∈ H, we will write the energy as follow
where T is a basic form of (1, 1)-type. It is easy to check that
Remark 3.1. By writing dE| ϕ = Ξ, where Ξ is a measure on M , we mean that
where {ϕ t } is a curve in H such that ϕ t | t=0 = ϕ.
Similarly, the second order variations of E and E T are
Finally, we consider the entropy of a measure µ relative to a reference measure µ 0 is defined as follows, if µ is absolutely continuous with respect to µ 0 , then
We have the following proposition for the entropy defined above(see [1] ).
Proposition 3.1. If µ 0 and µ are probability measures on M such that µ is absolutely continuous with respect to µ 0 , then
where the supermum is taken over all continuous functions on M . Furthermore, it is a convex function of the measure µ for the natural affine structure on the space of probability measures, and lower semicontinuous with respect to the weak *-topology.
We can give the explicit formula of Mabuchi K-energy in terms of the energy and entropy defined above. n ∧ η, the following formula holds for the Mabuchi K-energy on H:
Remark 3.2. This proposition can be proved by checking the first derivative of both side along a fixed path. And they are both equal to 0, while ϕ = 0. Furthermore, the new formula of Mabuchi K-energy is well-defined for any basic function with weak C 2 -regularity, i.e. functions ϕ such that dη
Now we consider the convexity of the Mabuchi K-energy along the weak geodesics, modifying the method of [1] .
is weakly subharmonic with respect to τ ∈ D. In particular, M(ϕ t ) is weakly convex along the weak geodesic ϕ t connecting two given points in H.
Proof. Similar to [1] , we can prove that
where u is a locally bounded function on M × D and
We want to apply the above considerations to u = log
, but this functions is not locally bounded. We will introduce a truncation in the following way as in [1] . For a fixed positive number A, we define
where χ denotes to be χ = π
We claim that for each A > 0,
In order to prove this claim, we will consider the localization of Sasakian manifold.
In [12] , it has been proved that every Sasakian metric can be locally generated by a real function of 2n variables, i.e. the Sasakian analog of the Kähler potential for the Kähler geometry. This local property has also been applied in [23] to prove the existence of α-invariant in Sasakian case. Let ζ j be a partition of unity subordinate to a covering of coordinate patches such that the supported set of ζ j is a subset of Ω
) for a local coordinate chart (U pj , Ω pj ) such that Ω pj (p j ) = 0, and for convenience we write
Furthermore, we choose R is sufficiently small such that we can write 
m , we know that we can approximate the measure (dη
n by the Bergman measure β j,k = β k(ρj •π(τ,)+ϕτ ) for the Hilbert space of all holomorphic functions on B o ( R 2 ) with the weight k(ρ j • π(τ, ) + ϕ τ ), according to [1] . More precisely, we consider the following measure on D,
where Ψ A,k = max{log β j,k , χ − A}. By the results on plurisubharmonic variation of Bergman kernels in [2] , we know that
where we use the geodesic equation in the last equality and the property dd c max{u, v} ≥ max{dd c u, dd c v} as a current for two psh functions u and v in the inequality. Hence, invoking the dominated convergence theorem gives the following local weak convergence In particular, T j A ≥ 0, so is T A which concludes the proof of the theorem. Similar to the argument in [1] , we can also prove that M(ϕ) is continuous along the weak geodesics, and hence is convex. Proof. Let {ζ j } be the partition of unity as in the proof of Theorem 3.3, and κ ε (s) be a sequence of strictly convex functions with κ ′ ε ≥ 1 on {s|s ≤ C} tending to s as ε → 0, where C is the upper bound of f A,k (τ ) = log Ψ A,k
(dη) n ∧η , for Ψ A,k and Ψ in Theorem 3.3. In particular, the functions κ ε (s) can be defined by
With the notations in the proof of Theorem 3.3, we denote
Similar to the proof of Theorem 3.3, we consider
where we use the convexity of κ ε and the fact that κ
].We know that ΨA is convex, since we have known that it is weakly convex. Let A → ∞, we know that M is convex, which means that M is continuous on (0, 1) and upper semi-continuous on [0, 1] .
In order to complete the proof of this theorem, we just prove that M is continuous. Indeed, (dη ϕt ) n ∧ η is continuous in the weak * -topology, if ϕ t is the geodesic with weak C 2 regularity. Combining the continuity of E and E T and the entropy part is lower semi-continuous in the weak * -topology of measure(see Proposition 3.1), we know that M is also continuous. Lemma 3.5. Given u 0 , u 1 in H, let u t be the corresponding weak geodesic. Then
Proof. We first consider the entropy part H µ0 of M. According to the convexity of H µ0 with respect to the affine structure of probability measures, we know that
where ν s = sν 1 + (1 − s)ν 0 . The monotone convergence implies that
In particular, ν 1 = (dη ut ) n ∧ η and ν 0 = (dη u0 ) n ∧ η, we have that
We get the estimate of the entropy part by t → 0, i.e.
From the equation (3.1), we know that
According to the Proposition 3.2, we get the required result.
A direct consequence of Theorem 3.4 and the lemma above is the following corollary: Corollary 3.6. If u 0 ∈ H is a cscS metric, then u 0 is a minimum of M in H.
Proof. If the result is not true, we assume that there exists u 1 ∈ H satisfies that M(u 1 ) < M(u 0 ). Let {u t } 1 t=0 is the corresponding weak geodesic connecting u 0 and u 1 . According to the convexity of M with respect to t, we have that
which is equivalent to
. However, according to u 0 is a cscS metric and Lemma 3.5, we know that
which is a contradiction with M(u 1 ) < M(u 0 ).
Uniqueness of cscS metrics
In this section, We consider the uniqueness of cscS metrics in the space H modulo the action generated by the Hamiltonian transverse holomorphic vector fields.
Definition 4.1 ([7]
). Fixed a transverse holomorphic structure (ν(F ξ ),J) on the characteristic foliation F ξ . A complex vector field X on M is called a transverse holomorphic vector field if it satisfies:
(
, where π is the the projection to ν(F ξ ).
Let h
T (ξ,J ) denote the set of all transverse holomorphic vector fields. One can easily check that h T (ξ,J) is a Lie algebra. Let X be a transverse holomorphic vector fields and f be a real-valued function, then X + f ξ is also a transverse holomorphic vector fields. So, h T (ξ,J ) cannot have finite dimension. But, by [7] , we know that h T (ξ,J)/L ξ has finite dimension.
Definition 4.2 ([9]
). Let (M, ξ, η, Φ, g) be a compact Sasakian manifold. The automorphism group G of the transverse holomorphic structure is the group of all biholomorphic automorphisms of (C(M ), J) which commute with the holomorphic flow generated by ξ − √ −1Jξ . Its identity component will be denoted by G 0 .
It is well known ( [9] ) that G 0 acts on the space of all Sasakian metrics on M which is compatible with g. 
Let g T (ξ,J ) denote the set of all Hamiltonian transverse holomorphic vector fields, it is easy to see that g T (ξ,J) is a Lie algebra.
Proposition 4.1 ([9]
). Let (M, ξ, η, Φ, g) be a compact Sasakian manifold. Then the Lie algebra of the automorphism group G of transverse holomorphic structure is the Lie algebra g T (ξ,J ) of all Hamiltonian transverse holomorphic vector fields.
Furthermore, we can conclude that g T (ξ,J) is of finite dimension since the dimension of h T (ξ,J)/L ξ is finite. Indeed, if X 1 , X 2 are two different Hamiltonian transverse holomorphic vector fields but X 1 = X 2 + f ξ for some basic function f , then by the definition of Hamiltonian transverse holomorphic vector field, we have that
or equivalently,
Hence∂ B f = 0, i.e. f ≡ Constant, which implies that
and g T (ξ,J) is of finite dimension. Let ϕ be a complex valued basic function, the Hamiltonian vector field ∂ # dη ϕ of ϕ corresponding to the transverse Kähler form dη is defined by:
. As in [7] , we denote the Lichnerowicz operator L B dη as follow:
According to [7, 10] ,
is just all the basic functions ϕ ∈ H such that ∂ # dη ϕ is transverse holomorphic. Now we prove the uniqueness of cscS metrics. It should be noted that if H B dη is trivial, i.e. there is no Hamiltonian transverse holomorphic vector fields over M , Guan and the second author proved that such metric is unique in [14] . And we will use the method of perturbation in [1] to prove the uniqueness of cscS metrics while H B dη is non-trivial. Let µ > 0 be a basic smooth volume form on M with the following normalization
Similar to [1] , we define the function
where E is the energy functional in section 3. The differential ofF µ at u ∈ H is (4.8)
For the functional I µ , we have the following inequality as in [1] .
Proposition 4.2. I µ is strictly convex along weak C 2 geodesic {ϕ t }, in the sense that if f (t) := I µ (ϕ t ) is affine, then for any t, dη ϕt = dη ϕ0 . More precisely, if
where δ > 0 only depends on µ, η and M , and d(dη ϕ0 , dη ϕ1 ) is the distance between dη ϕ0 and dη ϕ1 defined in [14] .
Proof. The C 1 -regularity of ϕ t implies that f ′ (t) = Mφ t µ is continuous. In order to get the estimate (4.9), we will apply the result of [14] , that is we can approximate {ϕ t }, by a smooth sequence {ϕ t,ε }, andφ t,ε − |∂ Bφt,ε | With the notation above, we can compute directly
where a t,ε is the average ofφ t,ε under the measure µ.
Integrating from 0 to 1, we get that
The continuity of the differential of I µ implies that
where a t is the average ofφ t under the measure µ. Hence if f is affine, we havė ϕ t = a t , i.e. dη ϕt = dη ϕ0 .
For the last statement, we argue as following
By the result of [15] , we know that for any basic smooth volume form µ on M , there exists a basic function u ∈ H such that (4.13)
Hence we can get the following lemma for the functionalF µ :
Lemma 4.3. Let µ and ν be two smooth basic volume forms with total mass equal to M (dη) n ∧ η. Then for all ϕ ∈ H:
Proof. Assume µ = (dη uµ ) n ∧ η and ν = (dη uν ) n ∧ η. Then
We denote F (u) = dM| u to be the differential of M at u. Here, we regard F (u)(or F if it is clear) as a 1-form on H, i.e. for v in the tangent space of H at u, F (u) acts on v by
According to the computation of [14] , the Hessian of M at u ∈ H is equal to and consider the solution v to the equation
Similarly to [1] , we know that (4.18) is solvable if and only if G ν · w = 0 for all w ∈ H B dηu , i.e. all basic w such that ∂ # dηu w is transverse holomorphic. Let u 0 , u 1 be two different 1 smooth basic functions with cscS metrics such that I(u 0 ) = I(u 1 ) = 0. Modifying the argument of [1] for Kähler case, we show that after a preliminary modification of u i (i = 0, 1) by applying an action generated by g T (ξ,J ), the equation
is solvable, where G νi is the differential ofF µ in (4.8) at u i
2
. For the convenience of the readers, we will give details of the proof here. Proof. We denote
* dη u0 , whereũ t ∈ H is smooth with respect to t andũ 0 = u 0 . Since V is a Hamiltonian transverse holomorphic 1 Saying u 0 and u 1 are different, we mean u 0 − u 1 is not transverse constant, i.e. dηu 0 and dηu 1 are two different transverse Kähler metrics. 2 We will also use the notation u i for the function after action.
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vector field, we know that there exists h 20) which implies thatu t = h
so we have that Mu t (dηû t ) n ∧ η = C. If we denote u t =û t − Ct, then we can conclude that I(u t ) ≡ 0, i.e. u t ∈ H 0 , since I(C t ) = C t where C t is some constant of t. So we have thaẗ
Hence u t is a geodesic, and so is dη ut , i.e. the ray determined by V . Proposition 4.5. Let S be the submanifold of H 0 consisting of all potentials of metrics ι * dη ui (i = 0, 1), where ι ranges over the actions generated by g T (ξ,J ). ThenF µ has a minimum and hence a critical point on S. This implies that G νi annihilates all basic functions w such that ∂ # dηu i w is transverse holomorphic.
Proof. According to Lemma 4.4, any Hamiltonian transverse holomorphic vector field V determines a geodesic ray starting at u i . And S is the union of all such rays. If µ = (dη ui ) n ∧ η, then u i is a critical point ofF µ . SinceF µ is strictly convex along each ray, it follows thatF µ is proper on each ray. And here we say a function f (t) is proper if and only if lim t→+∞ f (t) = +∞. Since the dimension of g T (ξ,J) is finite,F µ is proper on S in this case. Lemma 4.3 implies thatF µ is proper on S for any choice of µ. Hence it has a minimum on S. And for convenience, we still use the notation u i for the function which achieves the minimum ofF µ on S. Let ι t = exp (tV ) be the one-parameter group of transformations determined by a Hamiltonian transverse holomorphic vector field V = ∂ 
